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Y[EHJpX`aWYgf[`{H^HYg`]/_]/
Y[EHJP_-^HI
{"J+f]i$\]/no`JW¤]iY[EHJPIKJ+W[W[bi~/JbiY¤Y[EHJY[`IKJY[EHJPIKJ+W[W[bi~/Jj`aWpXJ`y/Jf[J+pBYg]YgEHJ	pXJ+WYg`_obY[`]c_
_H]HpXJ/
¶=JP¢ofdWZY`_cY[fg]XpH^o\JYgEoJPIK]XpXJ+6SVJ+\´Y[`]/_@wHz´¿VYgEoJ_JP^oWgJP`±Y`_@SVJ\´Y[`]c_@wXÅw	Yg]KJ+yb/^obiYgJjY[EHJ
n"Jfg3]/f[I¦bi_o\J@3IKJWgW[bi~cJ¦pXJ+bzU/¬¥_-^HI
{"J+f
]i\]cnH`JW[P]iFYgEHJBY¡¤]i§³EH]/n·f[JabU=b/_op=Y[EHJB^o_HfgJWZY[fg`a\´Y[J+p
f[JabUBnHf[]iYg]H\]/aW+

	 ! "$#%'&
k_?b/_obiU-Yg`a\b/"I]HpXJ0YgEobiYF¤]/^HapC\b/fgJ3^oUKY[b//J`_-Yg]Kbc\\]/^H_-YY[EHJPI¦bi`_ 3J+bY[^Hf[J+W¤]i¥bKO@kjxl6D
3Ygfdbi_oWgIK`W[W`]/_?fdbi_H~cJ/¬XIK]/{H``±YZUCnobYgYgJf[_®¬o`_-YgJfg3Jf[J_o\J+W+¬X9b/pX`_H~o¬oJYd\iÅK]/^op?{"J8I¦biYgEHJI¦biYg`a\b/U
`_cY[f[bc\´Y[b/{HJ/¡_oWYgJb/p ¬ ¤JnHf[]/n"]cWgJMbCIK]XpXJ+$EHJf[JMYgEHJK`IKnobc\´Y8]i;YgEHJWJM3JbY[^HfgJWPbif[J\binHYg^Hf[J+p
Y[EHfg]c^H~/EbKW`_H~/JPnobifdbiIKJYgJf83YgEHJ	nobifdbiIKJY[Jf
λ
¬oWgJJP{"J]´
ª®JY
0 ≤ ti,j(1) < ti,j(2) < · · ·
{"JKY[EHJBWg^o\+\J+W[Wg`y/J4X@$@B3%P\M,S3.P\X @2Nj{"JY¡¤JJ_ _H]XpXJW
i
b/_op
j
i 6= j ´jµJ¢£_HJ τi,j(n) := ti,j(n + 1) − ti,j(n) ¬£Y[EHJ n §&Y[E P\MF3;@B>O8GX@$@B3%P\M,3%P\X@{"JYZJ+J_*_H]XpXJW ib/_op
j

Dfdbi_oWgIK`W[Wg`]c_oW¥{"JYZJJ+_YZ]8_H]XpXJW$I¦bzU
]/_HU	Y[b//JFnHab/\JbiY6IJ+JY[`_H~PY[`IJW6b/_opb/fgJbcWgWg^HIKJ+p
Y[]P{£J*P\M#NO3GC9M 3GC9MU@$6[K N´¥DFEHJFabYgYgJf6bcWgWg^HIKnXYg`]c_\]y/JfdWY[EHJW`Yg^obiYg`]/_EHJf[J¤YgEHJFYgfdbi_oWgIK`W[Wg`]c_	Yg`IKJ
]/$bIJWgW[bi~cJj{"JY¡¤JJ_?YZ]K_H]HpXJ+WF`aWF_HJ+~/`~/`{HJP`YgEf[J+Wn"J\´YFYg]KYgEHJ8_H]HpXJP`_cYgJ+f§³IKJJYg`_H~Yg`IKJ+W+
¶=JFb/W[W^HIKJ6Y[EobY P bYgfdbi_oWgIK`W[W`]/_PYdbi/JWnHab/\J;{"JYZJJ+_
_H]XpXJ
i
bi_£p8_H]XpHJ
j
9bY$Wg]/IKJ;IKJ+JYg`_H~
Y[`IKJ
ti,j(n)
YgEHJ+_*`Yj`¥{"J
N=K H=H$@2N=N =K&A±kjWgWg^HIKJ	YgEobiYj_H]XpXJ
i
\b/fgf[`J+WFYgEHJMIKJ+W[Wgb/~/JFhZ^oWY{"J3]/f[J
Y[`IKJ
ti,j(n)
(_opXJ+f¤YgEHJY¡¤]i§³EH]/n f[JabUKnHf[]iY[]X\]c£_H]XpXJ
i
`"Y[f[b/_oWgI`Y89b\]/nVU¦]id6YgEHJPIJWgW[bi~cJ
Y[]C_o]XpXJ
j
biYYg`IJ
ti,j(n)
`±
i
`WYgEHJ¦W]c^Hf[\J
_o]XpXJ]/f`
j
`WjY[EHJ¦pXJ+WYg`_obY[`]c__H]HpXJ/)(_opXJ+fYgEoJ
^H_Hf[J+WYgf[`a\´Y[J+pKf[JabUMnofg]/Yg]X\]/H_H]HpXJ
i
`"bi¤bzUXW$Y[f[b/_oWgI`Y;YgEHJjIJWgW[bi~cJFYg]
_H]HpXJ
j
bY;Y[`IKJ
ti,j(n)f[J~-bif[pHJWgW]i¥YgEHJ8`apXJ_-Yg`Y¡UC]i¥_o]XpXJ
j

DFEHfg]c^H~/EH]c^XY¤Y[EHJ8nobin"J+f¤Y[EHJP3]/]z`_H~¦b/W[W^HIKnXY[`]c_C` Eo]/ap 3]/fJb/\dECf[JabzU¦nHf[]iY[]X\]c&
&kj Y[EHJnHfg]H\J+W[WgJ+W {ti,j(n), n ≥ 1} ¬ 1 ≤ i, j ≤ N + 1 ¬ i 6= j ¬b/fgJ?I
^XYg^ob/U­`_opXJ+n"J_opXJ+_cYb/_op¦EH]cI]c~/J+_HJ]/^£W6e¥]/`aWgWg]/_BnHf[]X\JWgWgJ+W6`YgE fdbYgJ
λ > 0
tl -^H`ybiJ_-YgU¦WZYdbY[J+p ¬cY[EHJjfdbi_opX]cI
yibif[`b/{HJW¦3f[yXW[ {τi,j(n)}i,j,n bif[J¦I
^XYg^ob/U`_opXJ+n"J_opHJ_cYb/_opJ©Xn"]/_HJ_-Yg`abiU=pX`aWZY[fg`{H^XY[J+p`YgEIKJ+b/_
1/λ

¶=J8`_cY[fg]XpX^£\J/
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  T2
9fgJWn®
TU
´¬Y[EHJFIKJ+W[Wgb/~/J¤pXJabU8^o_opXJf$YgEHJ¤YZ]i§³EH]cnC3f[J+Wgn®^H_Hf[J+WYgf[`a\´YgJpof[JabU8nHf[]iYg]H\]/¬
pXJ¢o_HJ+p=bcWY[EHJMYg`IKJ_HJJpXJ+p*Yg]WJ+_op@YgEoJMIKJWgW[bi~cJ 9]/fPbC\]cn-U]/6YgEHJIKJ+W[W[bi~/JzF3fg]cI Y[EHJ
Wg]/^Hfd\JjY[]YgEoJ	pXJ+WYg`_obY[`]c_®¿
  N2 ∈ {1, 2, . . . , N}
3f[J+Wgn
NU ∈ {1, 2, . . . , N}
¬HY[EHJ	_-^oI
{"Jf]it\]/nH`J+W]i$YgEHJ	IKJ+W[W[bi~/JP`_
Y[EHJj_HJYZ]cfg9`_o\^£pX`_o~
YgEHJj]/f[`~/`_obioIKJ+W[Wgb/~/J{H^XYFJ©H\^opX`_H~	Y[EHJjIKJ+W[Wgb/~/JbY;Y[EHJpXJWZY[`_obi§
Y[`]c_?_H]XpXJz¤biYFYgEoJPYg`IJPY[EHJ8IKJ+W[Wgb/~/J`aWpXJ+`y/Jf[J+p Yg]KYgEHJ	pXJWZY[`_£bYg`]/_?_o]XpXJ/
¯o]/f
θ ≥ 0 JY
T ?2 (θ) := E[e
−θT2 ], T ?U (θ) := E[e
−θTU ]
{"JPYgEHJ	ª¥SXD]i
T2
b/_op
TU
¬Hf[J+Wgn"J+\´Y[`y/J+Uc
    
	  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
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etf[]/n"]-W`Yg`]/_@wH8~/`y/J+W+¬V3]cfJ+b/\dEfgJ+bzUBnHf[]iY[]X\]c&¬VY[EHJ
ªSXD(]/¥YgEHJ	IKJ+W[Wgb/~/J8pXJabzUCbi_opCY[EHJ
pX`aWZY[fg`§
{H^XY[`]/_]iYgEoJ8_-^HI
{"Jf]/$\]/no`JW
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T ?2 (θ) =
N
∑
i=1
i
(N − 1)!
(N −i)!
(
λ
λN + θ
)i  
C[M_R
P (N2 = i) =
i
N i
(N − 1)!
(N −i)! , i = 1, . . . , N.
&wc
-M_R0@B>*3Q:&@K&M > @2NO3%>OPQHB3;@=R> @2ADC[E*<F> 693G6IH=69A
T ?U (θ) =
1
N
N
∑
i=1
i
∏
j=1
λj(N + 1 − j)
λj(N + 1 − j) + θ
&uc
C[M_R
P (NU = i) =
1
N
, i = 1, . . . , N,
3}V
3%: C[3 P'N/.73%: @M K&X%# @B>6 H$6O<FPQ@2NP'N*K&M P 26[>OX ATE R[P'N=3.>OP #2K&3;@=R6 9@2> {1, . . . , N} 0 
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 ¯H]cfC{"]iY[E YgEHJ=Y¡¤]i§³EH]/nb/_opY[EHJ^H_HfgJWZY[fg`a\´Y[J+p nHfg]/Yg]X\]/aW¦YgEHJnHf[]V]i	`aWC{ob/WgJ+p]c_
IK]XpXJ+`_H~Y[EHJB_V^HI
{"JfM]i\]/no`JW8`_·YgEHJ _HJYZ]/f[=bcW	b/_ bi{£W]cfg{H`_H~?¢o_H`YgJ§³WY[biYgJCO@b/fg/]y\dEobi`_®
DFEHJPYgfdbi_£W`Yg`]/_CfdbY[J+WF]iY[EHJ+WgJ	O@b/fgc]zyB\dEobi`_oWF`pX`D10Jf3]/fJb/\dECnofg]/Yg]X\]/
¯H]/f8J+bc\[EnHf[]iY[]X\]/¥Y[EHJBO*bif[/]zy*\[E£bi`_Ydbi/JW`Y[W8yb/^HJW`_ {1, 2, . . . , N + 1} ¦DFEHJ O@bif[/]zy\dEobi`_`aWB`_ WY[biYgJ
i = 1, 2, . . . , N
EHJ_YgEoJf[J*b/fgJ
i
\]/no`JW¦]iPYgEHJ*IKJWgW[bi~cJ`_Y[EHJ*_HJY¡]cfg
 0
 -@2N$NBCJ@ ] @BADC[EP\M 	
 v
`_o\^opX`_H~	YgEoJ]/f[`~c`_obiHIKJ+W[W[bi~/Jc¬cbi_op¦`±Y¤`W;`_ WZYdbYgJ
N +1
EHJ+_KY[EHJIKJ+W[W[bi~/JE£b/W6{"J+J_ pXJ`y/Jf[J+p
Y[]CYgEoJ¦pXJ+WYg`_obY[`]c_=_H]XpXJcx]/YgJMY[EobY	WY[biYgJW
1, 2, . . . , N
bif[J
Y[f[b/_oWg`J+_cY8WY[biYgJ+W8bi_op
N + 1
`W8bi_
b/{oW]cfg{H`_H~KWZYdbY[J/
¶=J8nHf[]zyV`apXJ8bWgJn£bifdbYgJnHf[]V]/3]/f	 z³§´&wc¤bi_op·9uc¡§d9}-
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1 2 3 3λ 2λ λ
2λλ 3λ
(Ν−2)λ (Ν−3)λ
(Ν−2)λ
(Ν−1)λ
N
(Ν−1)λ
N−1N−2
N+1
Νλ
¯¥`~/^Hf[J)cD]/§EH]cn?f[JabzU"6Y[f[b/_oWg`±Y[`]c_@pX`b/~/fdbiI ]i$Y[EHJMO*bif[/]zyC\[E£bi`_f[JnofgJWJ_-Yg`_H~KYgEHJ
_V^HI
{"Jf
]/$\]/nH`J+W
DFEHJYgfdbi_oWg`Yg`]/_¦pX`abi~/fdbiIq]i0YgEHJO@bif[/]y
\[E£bi`_¦\]/f[fgJWn"]/_opX`_H~Yg]8YgEoJYZ]i§³EH]/nKf[JabU
nofg]/Yg]X\]/
`aW¤~/`y/J_C`_?¯¥`~/^Hf[JctmJ+\b/"Y[EobY^H_opXJ+f¤YgEHJYZ]i§³EH]/n f[JabzUKnHf[]iYg]H\]/"]/_HUKYgEoJPWg]/^Hfd\Jj_H]XpXJPpX`aWZ§
Y[fg`{H^XY[J+WF\]/nH`J+W]/®Y[EHJIKJ+W[W[bi~/JYg]_H]XpXJW;Y[EobY\]/IKJj`Y[EH`_?`±YdWY[f[b/_oWIK`aWgWg`]/_Bfdbi_H~cJ/$DFEHJf[J3]cfgJc¬
EHJ+_*YgEoJf[Jbif[J
i
\]cnH`JW`_*Y[EHJ_HJYZ]/f[0¬£Y[EHJ_=J`YgEHJ+fPb _HJq\]/n-U`aWWgJ_-YjY[] YgEHJ
N − i _H]XpXJWEH`a\dE=pX]C_H]iYE£by/Jb \]/n-UU/JY+¬0Eo`\dE]X\+\^HfdWjbYjYgEoJMfdbY[J
λ(N − i) bi_op@Ygf[`~/~/J+f[WbBYgfdbi_£W`Yg`]/_3f[]/I
i
Y[]
i + 1
¬ ]cf]/_oJM]/6Y[EHJ+WgJ
i
\]/nH`J+WfgJb/\dEHJ+WY[EHJKpHJ+WYg`_obY[`]c__H]HpXJ/¬ Eo`\dE=]X\+\^HfdWbYY[EHJ
fdbY[J
λi
b/_op@Ygf[`~/~/J+f[WjbBY[f[b/_oW`Y[`]c_@3f[]/I
i
Y[]
N + 1

DFEH`aWJ©XnHabi`_oWYgEoJMYgfdbi_oWg`Yg`]/_=pX`b/~/fdbiI `_
¯¥`~/^Hf[Jc
DFEHJYgfdbi_oWg`±Y[`]c_M3f[]/I
i
3fg]cI
i+1
]X\+\^HfdW$`YgEKY[EHJnHf[]/{£bi{H``YZU
(N − i))λ/((N − i))λ+ iλ) =
1 − i/N ¬;b/_op YgEHJCYgfdbi_£W`Yg`]/_ 3f[]/I i Yg] N + 1 ]X\+\^HfdW
`±Y[E­Y[EHJ\]cInoJ+IJ+_cYdbif[UnHf[]/{ob/{H``YZU
iλ/((N − i))λ + iλ) = i/N DFEHJ;Wg]ihZ]/^Hf[_Yg`IKJ
Si
`_
WZYdbY[J
i = 1, 2, . . . , N
`WJ©Xn"]/_HJ+_cY[`b/UpX`WY[fg`{H^XY[J+pP`YgE	`_cY[J_oWg`±YZU
λN3YgEHJ
W^HI ]iY[f[b/_oW`Yg`]/_?fdbYgJWF]/^XY]i$WY[biYgJ
i
´O]cfgJ+]zy/J+f
S1, . . . , SN
b/fgJPI
^XYg^ob/U `_opXJ+n"J_opXJ+_cY
fdbi_opX]cI ybif[`abi{HJ+W+
U@\]/_£pX`±Y[`]c_H`_H~B]c_Y[EHJWZYdbY[J
]itYgEHJKO@b/fg/]y?\[Eob/`_¦hZ^oWY{"J3]cfgJ
`±YdWJ+_cY[JfdWjWZYdbYgJ
N + 1
¬0]/f
J!c^o`yb/J_cY[U{-U \]/_£pX`±Y[`]/_H`_H~*]c_·YgEoJ _-^oI
{"JfM]/\]cnH`J+W
N2
hZ^oWYM{"J3]/f[J¦YgEHJCIKJ+W[Wgb/~/J¦EH`YdW
`Y[W
pXJWZY[`_£bYg`]/_¬XJ8Eoby/J
T ?2 (θ) =
N
∑
i=1
IE[e−θT2 |N2 = i]P (N2 = i)
=
N
∑
i=1
IE[e−θ
∑
i
j=1
Sj |N2 = i]P (N2 = i).
s/
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kjW	IKJ+_cYg`]/_oJ+p J+bif[`J+f+¬
1 − j/N 3f[J+Wgn® j/N 8`W	YgEHJCnHfg]c{obi{H``±YZU=]ithZ^HIKnH`_o~*3fg]cIWY[biYgJ j Yg]WY[biYgJ
j + 1
9fgJWn
N + 1
6DFEHJ+fgJ ]cfgJc¬
P (N2 = i) =
i
N
i−1
∏
j=1
(
1 − j
N
)
=
i
N i
(N − 1)!
(N −i)! ,
 
c
EH`a\dE?J+WY[b/{H`WgEHJ+W8w/´
¶EHJ_ `_CWZYdbYgJ
j = 1, 2, . . . , N
¬-YgEHJPO*bif[/]zy\dEobi`_ \+bi_BJ+`±Y[EHJf¤J_-YgJfFWY[bY[J
j +1
bi YgJ+f¤b8Y[`IKJ
Sj,1
YgEobiY¤`aW¤J©Xn"]/_oJ_cY[`b/U¦pX`aWYgf[`{H^HYgJ+p `YgEC`_cY[J_oWg`±YZU
(N + 1− j)λ ¬V]/f¤J+_cYgJ+fFWY[biYgJ N + 1 b Y[JfbBYg`IKJ
Sj,2
¬ `_£pXJn"J_£pXJ_cY8]i
Sj,1
¬ b/_op*J©Xn"]/_oJ_cY[`b/U@pX`aWZY[fg`{H^XY[J+p`±Y[E=`_-YgJ_£W`Y¡U
jλ
MNj{oWgJf[y/J
Y[EobY
Sj = min{Sj,1, Sj,2}
;O]cfgJ]y/J+f
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